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Abstract
We study the weak metric approximation property introduced by Lima and Oja. We show that a Ba-
nach space X has the weak metric approximation property if and only if F(Y,X), the space of finite rank
operators, is an ideal inW(Y,X∗∗), the space of weakly compact operators for all Banach spaces Y .
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1. Introduction
For Banach spaces X and Y we let L(Y,X) denote the Banach space of bounded linear op-
erators from Y to X, and F(Y,X), K(Y,X), and W(Y,X) denote the subspaces of respectively
finite rank, compact, and weakly compact operators.
We will be studying the weak metric approximation property that was introduced by Lima
and Oja in [12]. Following Lima and Oja we make the following definition.
Definition 1.1. Let X be a Banach space. X has the weak metric approximation property (weak-
MAP) if for every Banach space Y and every operator T ∈W(X,Y ) there exists a net (Sα) ⊆
F(X,X) with supα ‖T Sα‖ ‖T ‖ such that Sα → IX uniformly on compact sets in X.
From Grothendieck we have the following definition.
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net (Sα) ⊆F(X,X) such that Sα → IX uniformly on compact sets in X. If the net can be chosen
with supα ‖Sα‖ 1 we say that X has the metric approximation property (MAP).
Obviously, if X has the MAP then X also has the weak-MAP. However, the AP does not imply
the weak-MAP in general as shown by Lima and Oja [12, Proposition 2.2]. In fact, let X be a
Banach space with the MAP such that its dual X∗ does not have the AP; e.g. X = 2 ⊗ˆπ 2. By
Theorem 4.2 in [12] if X has the weak-MAP in every equivalent norm, then X∗ has the AP. X has
the weak-MAP and has the AP in every equivalent norm, but there is an equivalent renorming Xˆ
of X that does not have the weak-MAP. The weak-MAP is a property strictly between the AP
and the AP for the dual space. Note that Oja [14] has shown that the weak-MAP and MAP are
equivalent for X whenever X∗ or X∗∗ has the Radon–Nikodým property.
We should also note that Lima, Lima, and Nygaard [8, Theorem 2.3] have shown that a Banach
space X has the AP if and only if for every Banach space Y and every operator T ∈W(Y,X),
there is a net (Sα) ⊆ F(X,X) with supα ‖SαT ‖  ‖T ‖ and SαT → T in the strong operator
topology. They also showed [8, Theorem 3.4], that X∗ has the AP if and only if for every Banach
space Y and every operator T ∈W(X,Y ), there is a net (Sα) ⊆ F(X,X) with supα ‖T Sα‖ 
‖T ‖ and S∗αT ∗ → T ∗ in the strong operator topology.
In this paper we will characterize the weak-MAP using ideals of operators. The notion of
an ideal was introduced and studied in [4] by Godefroy, Kalton, and Saphar. Let E be a closed
subspace of a Banach space F. E is an ideal in F if its annihilator, E⊥ ⊆ F∗, is the kernel of
a norm one projection on F∗. A linear operator φ :E∗ → F∗ is called a Hahn–Banach extension
operator if (φe∗)(e) = e∗(e) and ‖φe∗‖ = ‖e∗‖ for all e ∈ E and e∗ ∈ E∗. Let us denote the set
of all Hahn–Banach extension operators φ :E∗ → F∗ by HB(E,F). Clearly, HB(E,F) 	= ∅ if and
only if E is an ideal in F. If E is a subspace of a normed space F, then we say that E is an ideal
in F if E is an ideal in F.
Lima, Nygaard, and Oja have proved, in [9], that X has the AP if and only if F(Y,X) is an
ideal in W(Y,X) for every Banach space Y . In [7] it was shown that X∗ has the AP if and only
if F(Y, Xˆ) is an ideal in W(Y, Xˆ∗∗) for every Banach space Y and every equivalent renorming
Xˆ of X. Also in [7] it was shown that F(Y,X) is an ideal in W(Y,X∗∗) for every Banach space
Y is a property strictly between the AP and the AP for the dual. Our main result, Theorem 2.6,
says that this property is equivalent to the weak-MAP for a Banach space X.
In Section 3 we collect a few results concerning the bidual of the finite rank opera-
tors. We will see that if X is a Banach space, then the dual X∗ has the AP if and only
if F(Y,X)∗∗ = W(Y,X∗∗) for all reflexive Banach spaces Y . Recall that we always have
F(E,X)∗∗ = F(E,X∗∗) when E is a finite dimensional Banach space and that this equality
can be used to prove the principle of local reflexivity (see Dean [2]).
A tool that we will use several times is the isometric version of the Davis–Figiel–Johnson–
Pełczyn´ski factorization lemma [1] due to Lima, Nygaard, and Oja [9]. Let X be a Banach space.
For a closed absolutely convex subset K of the unit ball BX of X we write
[Z,J ] = DFJP(K)
where Z is the Banach space constructed from K in the factorization lemma and J is the norm
one identity embedding of Z into X (see [9, Lemma 1.1]). From the factorization lemma we
know that Z is reflexive if and only if K is weakly compact, and that Z is separable and J is
compact if K is compact.
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e.g. [13]. The closed unit ball of a Banach space X is denoted BX and the unit sphere of X is SX .
The closure of a set A ⊂ X is denoted A, its linear span by spanA, and its convex hull by convA.
2. Weak-MAP
We begin by proving what will provide the link between the weak-MAP and ideal of operators.
The result is interesting in itself as it is closely connected to the Grothendieck’s characterization
of the AP. Let X be a Banach space and recall that (X∗ ⊗ˆπ X∗∗)∗ = L(X∗∗,X∗∗). To study the
AP, Grothendieck considered the topology of uniform convergence on compact sets in X and
showed that the set of continuous linear functionals on L(X,X) in this topology coincides with
the subspace X∗ ⊗ˆπ X of X∗ ⊗ˆπ X∗∗ (see e.g. [13, Chapter 1.e]).
If φ :X∗ → X∗∗∗ is a Hahn–Banach extension operator, then by definition φ∗|X = IX . We see
that if φ∗|X∗∗ is in the weak∗ closure of F(X,X) in L(X∗∗,X∗∗) then in particular there exists a
net (Sα) ⊆F(X,X) converging to the identity on X, IX , uniformly on compact sets in X.
Proposition 2.1. Let X be a Banach space. The following are equivalent:
(a) F(Y,X) is an ideal in W(Y,X∗∗) for every Banach space Y .
(b) F(Y,X) is an ideal in K(Y,X∗∗) for every separable reflexive Banach space Y .
(c) There exists φ ∈ HB(X,X∗∗) such that φ∗|X∗∗ is in the weak∗ closure of F(X,X) in
L(X∗∗,X∗∗).
Proof. (a) ⇒ (b) is trivial. Let us prove (b) ⇒ (c). By assumption and Theorem 2.3 in [11], there
is φ ∈ HB(X,X∗∗) such that for every separable reflexive Banach space Z and every operator
T ∈K(Z,X∗∗), there exists a net (Tα) ⊆ F(Z,X) with supα ‖Tα‖ ‖T ‖ such that x∗(Tαz) →
(φx∗)(T z) for all x∗ ∈ X∗ and z ∈ Z. Using this we will show that for every compact subset K
of BX∗∗ there is a net (Sα) ⊆F(X,X) with S∗∗α (K) ⊆ BX such that
〈
x∗, S∗∗α x∗∗
〉→ 〈x∗, φ∗x∗∗〉
for all x∗ ∈ X∗ and x∗∗ ∈ K .
Let K ⊆ BX∗∗ be compact. We may assume that K is absolutely convex. Let [Z,J ] =
DFJP(K). Then Z is a separable reflexive Banach space and J ∈ K(Z,X∗∗) with ‖J‖  1.
Choose a net (Jα) ⊆F(Z,X) with supα ‖Jα‖ ‖J‖ such that
x∗(Jαz) → (φx∗)(J z)
for all x∗ ∈ X∗ and z ∈ Z. Since J ∗X∗ is norm dense in Z∗ we may assume that Jα = S∗∗α ◦ J
with Sα ∈F(X,X). For every x∗∗ ∈ K there exists z ∈ BZ such that Jz = x∗∗. We get
〈
x∗, S∗∗α x∗∗
〉= 〈x∗, Jαz〉 → 〈φx∗, J z〉
for all x∗ ∈ X∗. Note that ‖S∗∗α x∗∗‖ = ‖S∗∗α J z‖ 1 so that S∗∗α (K) ⊆ BX .
Let v = ∑∞n=1 x∗n ⊗ x∗∗n ∈ X∗ ⊗ˆπ X∗∗. We may assume that
∑∞
n=1 ‖x∗n‖ < ∞ and that 1 ‖x∗∗n ‖ → 0. Then K = conv(±x∗∗n ) is a compact convex subset of BX∗∗ . Let ε > 0 and choose N
such that
∑
n>N ‖x∗n‖ < ε/3. Choose S ∈F(X,X) such that S∗∗(K) ⊆ BX and
∣∣〈x∗n, (S∗∗ − φ∗)x∗∗n
〉∣∣< ε/(3N)
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∣∣〈S∗∗ − φ∗, v〉∣∣
N∑
n=1
∣∣〈x∗n, (S∗∗ − φ∗)x∗∗n
〉∣∣+
∑
n>N
2
∥∥x∗n
∥∥< ε,
as desired.
Now for the implication (c) ⇒ (a), let (Sα) ⊆F(X,X) be a net converging weak∗ to φ∗|X∗∗ .
Let Y be a reflexive Banach space and let T ∈W(Y,X∗∗). Let C = conv(T ∗S∗α) ⊆ F(X∗, Y ∗).
Note that (X∗ ⊗ˆπ Y )∗ = L(X∗, Y ∗). By assumption T ∗ ◦ φ is in the weak∗ closure of C. Us-
ing Theorem 1.5 in [5] we find that after taking convex combinations we may assume that
lim supα ‖S∗∗α T ‖ ‖T ‖ and that x∗(S∗∗α T y) → (φx∗)(T y) for all x∗ ∈ X∗ and y ∈ Y . We now
appeal to Theorem 2.3 in [11]. 
We see that X∗ has the AP if we can choose the Hahn–Banach extension operator in the
above proposition to be the canonical injection kX∗ :X∗ → X∗∗∗ [13, Theorem 1.e.4]. If we use
Theorem 3.2 from [11] instead of Theorem 2.3 in the proof we get the following corollary (see
also Propositions 3.1 and 3.3 below).
Corollary 2.2. X∗ has the AP if and only if for every φ ∈ HB(X,X∗∗) we have φ∗|X∗∗ is in the
weak∗ closure of F(X,X) in L(X∗∗,X∗∗).
Using the Hahn–Banach extension operator from the above proposition we prove one way of
the connection between ideals of operator and the weak-MAP.
Proposition 2.3. Let X be a Banach space. If F(Y,X) is an ideal in W(Y,X∗∗) for all Banach
spaces Y , then X has the weak-MAP.
Proof. By assumption and Proposition 2.1 there is φ ∈ HB(X,X∗∗) and a net (Sα) ⊆ F(X,X)
such that Sα → φ∗|X∗∗ weak∗ in L(X∗∗,X∗∗). In particular, Sα → IX uniformly on compact sets
in X.
Let Y be a reflexive Banach space and let T ∈ K(X,Y ). Using Theorem 2.4 in [12] all we
need to show is that the norm of the compositions T Sα is bounded by the norm of T .
Godefroy and Saphar have shown, in [5, Proposition 1.1], that K(X,Y )∗∗ is isometrically
isomorphic to the weak∗ closure of {K∗∗: K ∈K(X,Y )} in L(X∗∗, Y ). Consider T ∗∗ ◦φ∗|X∗∗ ∈
K(X∗∗, Y ), and let v =∑∞n=1 y∗n ⊗ x∗∗n ∈ Y ∗ ⊗ˆπ X∗∗. Then
〈
T ∗∗S∗∗α , v
〉=
∞∑
n=1
〈
S∗∗α x∗∗n , T ∗y∗n
〉→
∞∑
n=1
〈
φ∗x∗∗n , T ∗y∗n
〉= 〈T ∗∗φ∗, v〉
which means that T ∗∗φ∗|X∗∗ ∈K(X,Y )∗∗. From the proof of Theorem 1.5 in [5] we see that by
taking convex combinations we may assume that lim supα ‖T Sα‖ ‖T ‖. 
For the proof of the converse of the above proposition we will need the following technical
lemma. The result is surely well known, but we include a proof for completeness.
Lemma 2.4. Let H be a finite dimensional Banach space and let ε > 0. Then there exist vectors
u1, . . . , un in SH such that BH(0,1 − ε) ⊆ conv(u1, . . . , un).
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such that u∗i (ui) = 1. Let K = conv(u1, . . . , un).
Assume that u /∈ K . Then there exists u∗ ∈ SH ∗ with
‖u‖ u∗(u) > supu∗(K) = max
i
u∗(ui).
Let j be such that ‖u∗ − u∗j‖ < ε. Then
‖u‖ > max
i
u∗(ui) u∗(uj ) = u∗j (uj )−
(
u∗j − u∗
)
(uj ) 1 −
∥∥u∗ − u∗j
∥∥ 1 − ε,
and we have proved BH(0,1 − ε) ⊆ conv(u1, . . . , un). 
That a Banach space X has the weak-MAP in a way says that there exists a net of finite
rank operators that converges to the identity uniformly on compact sets such that the net is “lo-
cally” bounded. We will use this to build a Hahn–Banach extension operator, which of course
is bounded, from these operators that are “locally” bounded. We will be using the language of
ultrafilters to avoid drowning in notation.
Proposition 2.5. Let X be a Banach space. If X has the weak-MAP then there exists φ ∈
HB(X,X∗∗) such that φ∗|X∗∗ is in the weak∗ closure of F(X,X) in L(X∗∗,X∗∗).
Proof. Let Γ = {(H, ε)} where H ⊆ X∗ ⊗ˆπ X∗∗ is a finite dimensional subspace and where
ε > 0. We order Γ by inclusion: (H1, ε1)  (H2, ε2) when H1 ⊆ H2 and ε2  ε1. Let U be an
ultrafilter refining the order filter on Γ .
For γ = (H, ε) ∈ Γ we will find a finite rank operator Sγ ∈F(X,X) and define uγ = tr(Sγ u)
if u ∈ H and uγ = 0 if not. Defining
j :X∗ ⊗ˆπ X∗∗ →RU
by j (u) = (uγ )U will then give us the desired operator.
Let γ = (H, ε) ∈ Γ be given. Choose u1, u2, . . . , un in SH such that BH(0,1 − ε) ⊆
conv(u1, u2, . . . , un). For i = 1,2, . . . , n choose representations
ui =
∞∑
k=1
x∗i,k ⊗ x∗∗i,k.
We may assume that 1 ‖x∗i,k‖ →k 0 and
∑∞
k=1 ‖x∗∗i,k‖ < ‖ui‖π + ε. Let
K = conv({±x∗i,k
}n,∞
i=1, k=1
)
.
K is compact. Let [Z,J ] = DFJP(K). J :Z → X∗ has norm one and Z is separable and reflexive.
Let T = J ∗|X and Y = Z∗. Then T ∈ K(X,Y ) with ‖T ‖  1. By assumption there is a net
(Sα) ⊆F(X,X) with supα ‖T Sα‖ ‖T ‖ such that Sα → IX uniformly on compact sets in X.
Let G = H ∩ (X∗ ⊗ˆπ X). Choose g1, g2, . . . , gm ∈ SG such that BG(0,1 − ε) ⊆ conv(g1, g2,
. . . , gm). Choose α large such that
∣∣tr(IXgi)− tr(Sαgi)
∣∣< ε
for i = 1,2, . . . ,m and let Sγ = Sα . Let g ∈ G and write (1 − ε)g/‖g‖π = ∑mi=1 λigi where
λi  0 for all i and
∑m
i=1 λi  1. Then with c = ‖g‖π/(1 − ε) we get
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∣∣= c ·
∣∣∣∣∣
m∑
i=1
λi
[
tr(IXgi)− tr(Sγ gi)
]
∣∣∣∣∣
 c ·
m∑
i=1
λi
∣∣tr(IXgi)− tr(Sγ gi)
∣∣ ε
1 − ε ‖g‖π . (1)
We may find zi,k ∈ BZ such that Jzi,k = x∗i,k for i = 1, . . . , n and all k. By a theorem of Feder
and Saphar [3, Theorem 1] the natural map Z ⊗ˆπ X∗∗ →K(X,Y )∗ is a quotient map since Y is
reflexive. Let vi =∑∞k=1 zi,k ⊗ x∗∗i,k ∈K(X,Y )∗. We have
‖vi‖π 
∞∑
k=1
‖zi,k‖
∥∥x∗∗i,k
∥∥
∞∑
k=1
∥∥x∗∗i,k
∥∥< ‖ui‖π + ε,
so that
∣∣tr(Sγ ui)
∣∣=
∣∣∣∣∣
∞∑
k=1
x∗∗i,k
(
S∗γ x∗i,k
)
∣∣∣∣∣=
∣∣∣∣∣
∞∑
k=1
x∗∗i,k
(
S∗γ J zi,k
)
∣∣∣∣∣
=
∣∣∣∣∣
∞∑
k=1
zi,k
(
T ∗∗S∗∗γ x∗∗i,k
)
∣∣∣∣∣=
∣∣tr(T Sγ vi)
∣∣ ‖vi‖π‖T Sγ ‖
 ‖vi‖π‖T ‖ ‖ui‖π + ε = 1 + ε.
For u ∈ H we write (1 − ε)u/‖u‖π = ∑ni=1 λiui , with
∑n
i=1 λi  1 and λi  0 for i =
1,2, . . . , n, and get
∣∣tr
(
Sγ (1 − ε)u/‖u‖π
)∣∣=
∣∣∣∣∣
n∑
i=1
λi tr(Sγ ui)
∣∣∣∣∣ 1 + ε.
Thus |tr(Sγ u)| ( 1+ε1−ε )‖u‖π for all u ∈ H .
From the definition of j we see that j is linear with norm ‖j‖ 1. Since the mapping
IU :RU →R : (ξγ )U → limU ξγ
is an isometric isomorphism and (X∗ ⊗ˆπ X∗∗)∗ = L(X∗∗,X∗∗) we see that j ∈ BL(X∗∗,X∗∗).
Note that for all u ∈ X∗ ⊗ˆπ X∗∗ we have
j (u) = lim
U
tr(Sγ u) = limU 〈Sγ ,u〉
so that j = w∗- limU Sγ . From (1) we have j |X = IX so that φ = j∗|X∗ is a Hahn–Banach
extension operator. 
Let us summarize our results.
Theorem 2.6. Let X be a Banach space. The following are equivalent:
(a) X has the weak-MAP.
(b) For every Banach space Y , F(Y,X) is an ideal in W(Y,X∗∗).
(c) For every separable reflexive Banach space Y , F(Y,X) is an ideal in K(Y,X∗∗).
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choice of sequences {x∗n}∞n=1 ⊂ X∗ and {x∗∗n }∞n=1 ⊂ X∗∗ with
∑∞
n=1 ‖x∗n‖‖x∗∗n ‖ < ∞ and∑∞
n=1 x∗n(x)x∗∗n = 0, for all x ∈ X, we have
∞∑
n=1
φ
(
x∗n
)(
x∗∗n
)= 0.
The similar theorem for the MAP reads as follows.
Theorem 2.7. Let X be a Banach space. The following are equivalent:
(a) X has the MAP.
(b) For every Banach space Y , F(Y,X) is an ideal in L(Y,X∗∗).
(c) There exists a Hahn–Banach extension operator φ ∈ HB(X,X∗∗) such that for every
choice of sequences {x∗n}∞n=1 ⊂ X∗ and {x∗∗n }∞n=1 ⊂ X∗∗ with
∑∞
n=1 ‖x∗n‖‖x∗∗n ‖ < ∞ and|∑∞n=1 x∗∗n (S∗x∗n)| ‖S‖, for all S ∈F(X,X), we have∣∣∣∣∣
∞∑
n=1
φ
(
x∗n
)(
x∗∗n
)
∣∣∣∣∣ 1.
Proof. (a) implies (b) is proved in Lemma 2.1 in [7] and (c) implies (a) is clear from Theo-
rem 1.e.14 in [13].
If (b) holds, then by Theorem 2.5 in [7] there are φ ∈ HB(X,X∗∗) and Φ ∈ HB(F(X∗∗,X),
L(X∗∗,X∗∗)) such that
Φ(x∗ ⊗ x∗∗)(T ) = (φx∗ ⊗ x∗∗)(T )
for all x∗ ∈ X∗, x∗∗ ∈ X∗∗, and T ∈ L(X∗∗,X∗∗). Using this it is not difficult to show that φ is
in the weak∗ closure of BF(X∗∗,X) in L(X∗∗,X∗∗). Applying the principle of local reflexivity we
find that φ is actually in the weak∗ closure of BF(X,X) which is (c). 
Remark 2.8. From Theorem 3.10 in [7] it is clear that X∗ has the MAP if and only if (c) in the
theorem above holds for every φ ∈ HB(X,X∗∗).
In [9] Lima, Nygaard, and Oja showed that a Banach space X has the AP if and only if
F(Y,X) is an ideal inW(Y,X) for all Banach spaces Y . In particular, if X is 1-complemented in
its bidual X∗∗ then X has the AP if and only if F(Y,X) is an ideal in W(Y,X∗∗) for all Banach
spaces Y . Lima and Oja has shown that if X is 1-complemented in its bidual and has the AP, then
X has the weak-MAP [12, Corollary 3.3]. So the equivalence of (a) and (b) in Theorem 2.6 was
known when X is 1-complemented in its bidual (and in particular for dual spaces).
Theorem 4.5 in [7] says that a dual space X∗ has the AP if and only if F(Y, Xˆ) is an ideal
in W(Y, Xˆ∗∗) for every Banach space Y and every equivalent renorming Xˆ of X. The following
theorem is from [12, Theorem 4.2] where it was proved using a different approach.
Theorem 2.9. Let X be a Banach space. The following are equivalent:
(a) X has the weak-MAP in every equivalent norm.
(b) X∗ has the weak-MAP.
(c) X∗ has the AP.
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every equivalent norm then X∗ has the MAP. From Theorem 2.9 we see that the weak-MAP
behaves similarly. This is unlike the AP. A Banach space X with the AP has the AP in every
equivalent norm, but there are spaces with the AP such that the dual does not have the AP. For
example, X = 2 ⊗ˆπ 2 has the MAP, but X∗ = L(2, 2) does not have the AP as shown by
Szankowski [16].
The theorem above says that we can lift the weak-MAP from a Banach space to its dual if the
space has the weak-MAP in every equivalent norm. In some cases we can say more. A Banach
space is said to have the unique extension property (see [5, Lemma 2.1]) if the only operator T ∈
L(X∗∗,X∗∗) such that ‖T ‖ 1 and T |X = IX is T = IX∗∗ . This is equivalent to φ ∈ HB(X,X∗∗)
implies φ = kX∗ , where kX∗ :X∗ → X∗∗∗ is the canonical injection.
Let X be a Banach space with the unique extension property. From Lima and Oja [11, Corol-
lary 4.2] we know that the dual X∗ has the AP, and thus the weak-MAP, if and only if F(Y,X) is
an ideal in W(Y,X∗∗) for all Banach spaces Y . Combining this with our main Theorem 2.6 we
get the following strengthening of Theorem 4.1 from [12].
Theorem 2.11. Let X be a Banach space with the unique extension property. If X has the weak-
MAP, then X∗ has the weak-MAP.
There is also a more direct route to the above theorem. In fact, from Grothendieck’s charac-
terization of the AP (see e.g. [13, Chapter 1.e]) and Theorems 2.6 and 2.7 it is clear that if X is
a Banach space with the unique extension property, then X∗ has the AP if X has the weak-MAP,
and X∗ has the MAP if X has the MAP. The latter fact was first proved by Godefroy and Saphar
[5, Theorem 2.2].
3. The bidual
In this section we look at the bidual of the (normed) spaces of finite rank operators F(Y,X)
and F(X,Y ) when X is a Banach space and Y is reflexive Banach space. We will connect them
with various approximation properties. If X has the weak-MAP, then by Proposition 2.5 there
exists φ ∈ HB(X,X∗∗) in the weak∗ closure of F(X,X) in L(X∗∗,X∗∗). We first show that
composition with φ∗|X∗∗ maps W(Y,X∗∗) into F(Y,X)∗∗.
Proposition 3.1. Let X be a Banach space. The following are equivalent:
(a) X has the weak-MAP.
(b) There exists a Hahn–Banach extension operator φ ∈ HB(X,X∗∗) such that for every reflexive
Banach space Y and operator T ∈W(Y,X∗∗) we have φ∗|X∗∗T ∈F(Y,X)∗∗.
(c) There exists a Hahn–Banach extension operator φ ∈ HB(X,X∗∗) such that for every separa-
ble reflexive Banach space Y and operator T ∈K(Y,X∗∗) we have φ∗|X∗∗T ∈F(Y,X)∗∗.
Proof. (a) implies (b). Let Y be a reflexive space and T ∈W(Y,X∗∗). Find φ ∈ HB(X,X∗∗) such
that φ∗|X∗∗ is in the weak∗ closure of F(X,X) in L(X∗∗,X∗∗). Choose a net (Sα) ⊆ F(X,X)
such that Sα → φ∗|X∗∗ weak∗.
Let v =∑∞n=1 x∗n ⊗ yn ∈ X∗ ⊗ˆπ Y . Then vT ∈ X∗ ⊗ˆπ X∗∗ and
〈φ∗|X∗∗T ,v〉 = 〈φ∗|X∗∗ , vT 〉 = lim〈Sα, vT 〉 = lim
〈
S∗∗α T , v
〉
,α α
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Saphar [5, Proposition 1.1] this weak∗ closure can be identified with F(Y,X)∗∗.
(b) implies (c) is trivial. (c) implies (a). Let Y be a separable reflexive space and let T ∈
K(Y,X∗∗). From the proof of Proposition 2.1 we see that it is enough to show that there is a
net (Tα) ⊆F(Y,X) with supα ‖Tα‖ ‖T ‖ such that x∗(Tαy) → (φx∗)(T y) for all x∗ ∈ X∗ and
y ∈ Y . But this is obviously possible using Goldstine’s theorem. 
A dual Banach space X∗ has the compact approximation property with conjugate operators
(CAPconj) if there exists a net (Sα) ⊆K(X,X) such that (S∗α) converges uniformly on compact
sets to the identity on X∗.
From Grothendieck’s theory of tensor products it follows that
F(Y,X)∗ = (Y ∗ ⊗ˇε X)∗ = X∗ ⊗ˆπ Y
if X∗ has the AP and Y is reflexive (cf. e.g. Ryan [15, Theorem 5.33]). Feder and Saphar [3, The-
orem 1] have shown that the natural embedding V :X∗ ⊗ˆπ Y →K(Y,X)∗ is a quotient mapping
when Y is reflexive. For V to be an isometric isomorphism also in this case it is enough for X∗
to have the CAPconj as the following, maybe well known, lemma shows.
Lemma 3.2. Let X and Y be Banach spaces. If Y is reflexive and X∗ has the CAPconj, then the
natural embedding V :X∗ ⊗ˆπ Y →K(Y,X)∗ is an isometric isomorphism.
Proof. As we see from the introduction to the lemma we only need to show that V is one-to-one.
Let u ∈ X∗ ⊗ˆπ Y with ‖u‖π = 1, and pick a representation u = ∑∞n=1 x∗n ⊗ yn with ‖x∗n‖ → 0
and
∑∞
n=1 ‖yn‖  1. There exists T ∈ (X∗ ⊗ˆπ Y )∗ = L(Y,X∗∗) with ‖T ‖ = 1 and such that‖u‖π = tr(T u) =∑∞n=1〈Tyn, x∗n〉.
Choose a net (Sα) ⊆ K(X,X) with supα ‖S∗∗α T ‖  ‖T ‖ such that S∗α → IX∗ uniformly on
compact sets in X∗ by using Theorem 3.6 in [8]. Then
∣∣tr(T u)− tr(S∗∗α T u
)∣∣=
∣∣∣∣∣
∞∑
n=1
〈
Tyn, x
∗
n − S∗αx∗n
〉
∣∣∣∣∣ sup{x∗n}∞n=1
∥∥IX∗ − S∗α
∥∥.
Let ε > 0. The set {x∗n} is precompact, so we get |tr(T u) − tr(S∗∗α T u)| < ε by choosing α large.
Since S∗∗α T ∈K(Y,X) we must have
‖V u‖ 〈S∗∗α T ,u
〉= tr(S∗∗α T u
)
> tr(T u)− ε = ‖u‖π − ε,
and we are done. 
Let X be a Banach space, let φ ∈ HB(X,X∗∗) and let Y be a reflexive space. We can always
define a linear map Ψφ :X∗ ⊗ˆπ Y → X∗∗∗ ⊗ˆπ Y by Ψφ = φ ⊗ˆ IY . Furthermore, X∗∗∗ ⊗ˆπ Y
can be regarded as a subspace of W(Y,X∗∗)∗ and Feder and Saphar [3, Theorem 1] tells us that
F(Y,X)∗ and K(Y,X)∗ can be viewed as quotients of X∗ ⊗ˆπ Y . For each f ∈F(Y,X)∗ choose
a representation f =∑∞n=1 x∗n ⊗ yn ∈ X∗ ⊗ˆπ Y and define Φ :F(Y,X)∗ →W(Y,X∗∗)∗ by
Φ(f ) =
∞∑
φ
(
x∗n
)⊗ yn.n=1
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defined if the mapping Ψφ can be factorized as in the following diagram:
X∗ ⊗ˆπ Y
Ψφ
V
X∗∗∗ ⊗ˆπ Y i W(Y,X∗∗)∗
F(Y,X)∗
Φ
Assume that f = 0 on F(Y,X), and let T ∈W(Y,X∗∗). Since we have
0 = 〈f,S∗∗T 〉 =
∞∑
n=1
〈
Tyn,S
∗x∗n
〉
for all S ∈F(X,X) we have
0 =
∞∑
n=1
〈
φ
(
x∗n
)
, T yn
〉= Φ(f )(T )
if φ∗|X∗∗ is in the weak∗ closure of F(X,X) in L(X∗∗,X∗∗). Thus Φ is well defined whenever
X has the weak-MAP. In fact, this provides another proof of (c) ⇒ (a) in Proposition 2.1.
If X∗ has the CAPconj then Lemma 3.2 tells us that the dual of K(Y,X) is X∗ ⊗ˆπ Y and so
the mapping Ψφ can be trivially factorized (for any φ ∈ HB(X,X∗∗)) and Φ is well defined. In
this case K(Y,X) is an ideal in W(Y,X∗∗) with a Hahn–Banach extension operator satisfying
Φ(x∗ ⊗ y)(T ) = (φx∗ ⊗ y)(T )
for all x∗ ∈ X∗, y ∈ Y , and T ∈W(Y,X∗∗). This last result is due to Lima and Oja (see [10,
Theorem 4.6]).
Recall that Grothendieck showed that X∗ has the MAP if and only if the natural embedding
V :X∗ ⊗ˆπ Y →F(Y,X)∗ is isometric for every Banach space Y (see e.g. [15, Proposition 4.16]).
Next we have a similar result for the approximation property. It should be noted that it is an open
problem whether or not the MAP and the AP coincides for dual spaces.
The equivalence of (a) and (b) in the following proposition is contained in Theorem 3.6 in [12]
and the implications (b) ⇒ (c) and (c) ⇒ (d) are obvious. The proof (d) ⇒ (a) is just combining
Goldstine’s theorem and Theorem 3.2 in [11].
Proposition 3.3. Let X be a Banach space. The following are equivalent:
(a) X∗ has the AP.
(b) The natural embedding V :X∗ ⊗ˆπ Y → F(Y,X)∗ is an isometric isomorphism for every
reflexive Banach space Y .
(c) F(Y,X)∗∗ =W(Y,X∗∗) for every reflexive Banach space Y .
(d) K(Y,X∗∗) ⊆F(Y,X)∗∗ for every separable reflexive Banach space Y .
Remark 3.4. From Lemma 3.2 we see that (a) implies (b) still holds in the above theorem if we
replace “X∗ has the AP” with “X∗ has the CAPconj” and F(Y,X) with K(Y,X). Equivalence
of (b) and (c) is also still true. It is not know if (b) implies (a) is still true in this case.
Applying the proposition above to X∗ we get the following.
V. Lima / J. Math. Anal. Appl. 334 (2007) 593–603 603Corollary 3.5. Let X be a Banach space. The following are equivalent:
(a) X∗∗ has the AP.
(b) The natural embedding V :X∗∗ ⊗ˆπ Y ∗ → F(X,Y )∗ is an isometric isomorphism for every
reflexive Banach space Y .
(c) F(X,Y )∗∗ =W(X∗∗, Y ) for every reflexive Banach space Y .
(d) K(X∗∗, Y ) ⊆F(X,Y )∗∗ for every separable reflexive Banach space Y .
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